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areas in Fig, 1 represent the domains of optimal stabilization by forces with partial dis-
sipation corresponding to Egs, (4,10)=(4.12) and coincident with the domains of fulfill-
ment of the sufficient conditions of stability with the exception of the straight line a =2
for solution (4, 10), the straight line @ == 0 for solution (4, 11), and the straight line

= —1 for solution (4.12) on which the conditions of optimal stabilization are not
fulfilled in the first approximation, However, consideration of the nonlinear terms in
the equations of perturbed motion indicate that the conditions of optimal stabilization
are also fulfilled on these straight lines,
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The Bellman partial differential equation involved in the synthesis of a stochastically
optimal control of the final state of a linear system is considered. Approximate formulas
and estimates of the solution are derived on the basis of the solution of the Bellman equa-
tion for the determinate variant of the problem. A numerical method of solution is pro-
posed, The problem in the one-dimensional case is reduced to an integral equation of
the first kind ; a finite formula for the solution is derived under certain additional assump-
tions,
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1, The initial equations, One of the problems investigated in [1] is that of
synthesizing the bounded stochastically optimal control of the final state of a linear sys-
tem described by the equations (*)

F=Q@Mu+tE)  OIST, w@EU) (1.1)

Here ¢ is the time; , u, § () are the coordinate, control, and random disturbance
vectors of ordets n, m, n, respectively; Q (t) is the given matrix of coefficients,
U (t)is the closed set of permissible values of the control vector, and [0, T] is the
given time integral, Information on the present state of the system is provided by the
vector ¥ (£)== G (t) = (t) + h (), where G (t) is a given matrix and h (¢) is the
vector of random errors involved in obtaining the information. It was assumed that the
forces £ and & were white noises and that they shared a normal distribution law with
the vector x (0) . The object was to find the optimal control operator u () = u {y (1),
u (t); 0 <<t <<t} which minimizes the precision estimate § = Mo [z ()] .i.e
the mathematical expectation of the prescribed scalar function ® [z (7)) of the vector
defining the rinal state of the system,

As is shown in [1], the optimal control can be expressed in the form of a function
u (t, z (), where z (t) =M [z (t)\ Yy (1), u (t); 0 <<t << t] is the nominal mathe-
matical expectation of the vector () for a known realization of y (1), u (1) in the
interval [0, t). The function u (¢, z) must be determined together with the correspond-
ing a posteriori estimate S (¢, z (t)) = M {o [z (T)I\y (), u(x); 0Tt < t}
from the nonlinear Bellman second-order partial differential equation

— 8¢ =min, (S,, Q (t) u) + 1Ilz_s'p (SR () 0<:<T) (1.2)

with the following boundary condition at ¢ = T :
S(T,2) =" (@) =0 | 2)¢(T, 2)dz (1.3)
7 (T, ) = [22)"|C(T) 17" exp /o (— € (T) z, 2)

Here z is an n-dimensional vector; §, is the partial derivative of the Beliman func-
tion § (t, z_) with respect to ¢; S, and S ., are the vector of the first partial derivatives
and the matrix of the second partial derivatives of the function § (¢, z) with respect
to the components of the vectorz ; (.,.) denotes the scalar multiplication of vectors,
Sp is the trace of the matrix, R (t)and C (T') are bounded nonnegative-definite square
matrices; |C (T) | is the determinant of the matrix C (T); ¢ (7, z)is the density
of the normal distribution of the random vector with the correlation matrix C (7). Inte-
gration in formula (1, 3) is over the entire space of the vector integration variable z
(this statement will hold for all cases where the integration limits are not indicated,

The matrices f? (¢) and C(T) are defined by the formulas

RG)Y=B(T,t), B(T, t)=

= MUz (T) —z () (z (T)— z (1) \u (x) =0, > 1] (1.4)

*) We note that the more general system
=AWz + O () uE ()

is reducible to the form (1. 1) by the substitution of variables z = L (7)L™ (t) z,,where
L (#) is the fundamental matrix of the homogeneous system,
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C(TY=B(T, I'=M U« (T) — z(T) (= (T) — z(T))"] (Cont.)
where the dot denotes differentiation with respect to the time ¢ and the prime denotes
transposition, They can be expressed in terms of the system coefficients and the charac-
teristics of the laws of distribution of the processes & (£) and h (t) and of the vector
z(0). 1f z(0) — Mz (0) = E(t) — ME(t) =0, then C(T) =R (f)=0. In
the absence of errors in receiving the information the matrix R () coincides with the
intensity of the white noise & (¢) in [2],

A theorem on the existence and uniqueness of the solution of equations of the (1.2),
(1. 3) type is proved in [3]. In the present paper we shall be concemned with obtaining
finite formulas for the approximate and exact sotutions of Cauchy problem (1.2),(1.3)
suitable for practical use, We shall also consider in more detail the case where the set
U (t) rakes the form of the parallelepiped

On|<® ¢=1,....m (1.5)
bounding the components u(® (¢) of the control vector, Minimization with respect to

the parameter u in Eq, (1.2) in this case can be effected in explicit form, If the system
is described by the scalar equation

r=u-t§ OLt<T) (1.6)

and if the set U (¢) is the segment |u (£) | << I (t) with the possible deletion of some
interior intervals, then the Bellman equations become

~ S ==l Sz} + Y2 R(t) Sxx 0<<t<T) (1.7)
S(T, z) =V () {1.8)

(where the symbol for the phase coordinate is different from that of (1,2), (1, 3): the
alteration will prove useful below),

We note that a system in which n = 1, m == 1 can be reduced to the form (1.6) by
introducing the scalar controlling parameter u, = Q () u — uo (¢), where 2uo(t) =
== max, Q (£) u + min, Q (¢) v and where the new perturbation §, (f) = & (&) + uo ().
Here 21 (1) = max, Q@ (f) v — miny Q () u

2, Solution of the Bellman equation for a system with complete
information, The case with complete information, where the initial conditions and
perturbations of the system are given, can be considered as a special case of a system
with incomplete information by setting the initial deviation z (0) — Mz (0) and per-
turbation § (¢} identically equal to zero (*), The matices R {t) and C (¢) in this case
are equal to zero and Egs, {1.1)—(1.3) become

z = Q (tu (2.1)
— $° = min, (5", ¢ () w) O<t<LT, uclU®) (2.2)

*) A system such that § () = M, E (f) 5= 0 is reducible to a system without perturbations
by converting to the new coordinates

T
n=z+{t@a

{
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S°(T, z) = o (2) (2.3)

In order to distinguish the determinate variant of the problem from the stochastic one,
we mark the a posteriori estimate in the determinate problem with a zero superscript;
in other words,we denote it by the symbol S° (£, z). Let us consider some important par-
ticular cases where the a posteriory estimate §° (¢, z) can be found from the equations
of motion (2,1),

1°, Let the coordinate and control vectors be one-dimensional, The Bellman equations
in this case can be written as

—Se=—=1|S°), S°(T,z)=0() (2.4)
Let us suppose that the function ® () is piecewise-continuous, that it has a single

minimum at some point z°, and that it is nondecreasing for £ > z° and nonincreasing
for z < z° . The definition of the a posteriori estimate

8° (t, z) = min, 0 [z (T)\ z (t) = 2] (2.5)
and Egs, (2.1) imply that the function S° (¢, Z) in this case is given by the equations

S°(t, z) = o [ — b(t, T)sgn (z — 2°)] (lz--z°| 26, T)
T (2.6)
St ry=0] (z—2|<be, ), bET)= Sl(f)df
Substituting function (2, 6) into Egs, (2.4), we can verify the fact that this function is
the solution of Cauchy problem (2, 4) in the ordinary sense [4] provided that ® (z) is also
continuously differentiable,
2°, Let the function @ (z) be defined by the equations
o@=1@EeDn, ©@@=0 @D (2.7)
where D is a given closed domain in the n-dimensional vector space, This choice of the
function » (z) optimizes the entry of the vector z (T) into the given domain D). We
define the domain D (¢, T') as the domain of those values of the vector z at the instant
¢ from which system (2, 1) can be brought into the domain D at the instant I, The con-
trol u (7, x), t<{ v < T is optimal if and only if this control ensures the transfer of
the system at the instant 7 into the domain D for all z (t) & D (¢, T). This implies
that the a posteriori estimate corresponding to the optimal control is given by the equa-
tons o) =1 @ede, 1), §HL=0 @EDET) (2.8)
Because it is discontinuous, function (2, 8) cannot be the solution of Cauchy problem
(2.2), (2. 3) in the ordinary sense, In the one-dimensional case it can be regarded as the
solution in the following generalized sense : the sequence of solutions (2. 6) associated
with the sequence ®, (), ®, (z), ... of differential uniminimal functions which con-
verges to function (2, 7), converges to function (2, 8), (This statement probably continues
to hold in the multidimensional case), In contrast to the usual definition of the general-
ized solution [4], the above definition does not require that the convergence be uniform,
The domain D (¢, T') is defined by the inequality T° (¢, z) << T — ¢, where
T (t,z) is the minimum time to bring the system into the domain D from the position
Z at the instant ¢, Construction of the domain D (¢, T ), which involves solution of the
time-optimal operation problem [21, is quite difficult in the multidimensional case,
Let the set U (t) and the domain [ be parallelepipeds defined by inequalities (1, 5) and
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. .
!xO....ag;)Kdg) (t=1,...,n) 2.9

where ayl!), do® are given quantities, In this case it is a relatively simple matter to
determine the rectangular domain
) (i) (4}
l.’l‘ ~—a,,|<d (t) (¢t=1,...,n)
circumscribing the domain D (¢, T). We denote the former by D* (¢, T). The dimen-
dions d% (¢) (i = 1, ..., n) are given by the formula

m T
d? (t) = di + max, (29 (T)\z? () = 0}=d{’ + D! S | Q8 () |19 (x) dx (2.10)
=1t

The function defined by the equations

S*(t,x)=1 (@eD* ¢, 1), S*(t,2)=0 @ebr¢, 1) (2.11)
serves as the lower estimate for a posteriori estimate (2, 8},

In the case of arbitrary D and U (t) they can always be contained in the paralelepi-
peds D, and U, (t); the corresponding domain D,* (t, T} can be determined from
formulas (2,10), This domain contains the domain D* (¢, T'), The functionS,* (¢, z)
defined by Egs, (2, 11), where the domain D* (¢, T) is replaced by the domain D *
(t, T), is a lower estimate for the functions S§* (¢, x) and S§° (¢, z) .

S <<S*(t, << S°(t, 2) (2.12)

3°, Let the function @ (z) attain its minimum at some point z°. In this case the a
posteriori estimate S° (3, z) satisfies the condition
5°(t, 1) = 0 (2°) (z € Dpe (8, T)) (2.43)
Here D_. (¢, T')is the domain of values of the coordinates z at the instant ¢ from
which the system can be brought to the point z° at thie instant 7, Equation (2, 13) follows
from the definition (2. 5) of a posteriori estimate,

3, Estimates and approximate formulas for the solution of the
Bellman equation for a stochastic system, In this section we consider
several variants of the approximate solution of Cauchy problem (1.2}, (1. 3), each of
which is a lower estimate of the exact solution, Let us consider the function defined by
the formula

Fit, 2y =\8.¢,9P¢T, z—z)dz=\8(¢t,z+ 2Pt T,2)ds (3.1)

Here S, (¢, z) is the solution of Eq. (2.2) under condition (1.3); P (t, T, & — 2)
is the fundamental solution [5] of the equation

— Py =135p (PR (1)) (3.2)
corresponding to system (1.1) in the absence of control. The functjon P T, 2) is
given by the formulas [6]

P, T,z)= 2a)y ™| K¢, T) | "exp(— Yo K; 70 (¢, )z, 7)) (3.3)
T

Ky (t,T) =\ R(vydv=B(T,5)—C(T) (3.4)
t

It is equal to the density of the normal distribution of the vector z (I') — z (¢) under
the assumption that u (t) = 0 for 1 >> t. This follows from Eq, (1.4) and from the
uncorrelatedness of the vectors x {T) — z {T) and z (I') — z (¢). The function
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Sy (¢, ) is the a posteriori estimate for optimal control of the system with complete
information under the assumption that the optimizable final-state function is given by
formula (1, 3). By construction, the function Fy (¢, z (t)) is equal to the a posteriori
estimate for the case of optimal control of a system which receives at the instant { all
the additional information ¥ (t) (¢ << T << T') in addition to the information y (t),
u (1) (0 << 7 << 1) available at that instant, With optimal control the additional infor-
mation cannot decrease the control precision (increase the precision estimate), so that
function F; (¢, z) is a lower estimate of the Bellman function,

Fi(t 2)<< S (¢, 2) (3.9)

The difference F, (¢, z) — S (¢, z) vanishes in the two following cases:

1) if the matrix R (t) is equal to zero for all ¢ (this corresponds to the absence
of measurements or to the absence of perturbations and initial deviations);

2) if the system is not controlled (i, e, if the set U (¢) consists of the single point
u = 0).

The function F, (¢, z) can therefore be considered as an approximate solution of
Cauchy problem (1.2), (1. 3), provided the matrix R (t) is small or the dimensions of
the set U (t) are small,

Let the set U (t)be a closed domain and let system (2, 1) be controlled [7] in the
interval [T — &, T1] forany arbitrarily small 8 > (. The difference between the exact
and approximate solutions then also tends to zero in the case of infinite expansion of the

domain U (1), Fyit, T)| lim F,(t,2)=S8(,2) ‘r(mzw (3.6)
r(U)—»o0

r (U)=o00 =

Here r (U) is the radius of a sphere with its center at the point u == ( which fits
completely in the domain U (¢) for all ¢ from the interval [T — &, T'1 for some & >0,

In fact, if the control is unbounded, it is optimal if and only if z (7) = z° where 2z° is
the minimum point of the function ¥ (z) in Eq, (1, 3), The a priori and a posteriori esti-
mates S and S (¢, z) then attain their minimum values,

ming S =, lim S )=V E)  O<I<D) (3.7)

On the other hand, formulas (3,1), (3, 3) and (2. 13) with o (z) replaced by ¥ (z) as
well as the fact that the domain D,.(t, T) expands without limit with expansion of U
enable us readily to prove the equation

Filt, Dl )an= lim Frt, 9=¥() O<t<T) (3.8)

Comparison of formulas (3, 7) and (3. 8) yields the required result,

Let us consider the function F, (¢, z) defined by formulas (3.1),(3. 3), where the func-
tion S, (¢, z) is replaced by S° (¢, ) (Eds. (2.2),(2.3)) and the matrix K, (¢, T)
by the matrix T

K. (t,T) =C(T) + \R(v)dv = B(P, 1) (3.9)
:

The function Fy (t, 2) is a lower estimate for Fy (¢, z).

In fact, let the system receive the information y; == z (7) \ u (v) = 0(t > t) in the
sense of the criterion § = Mo [z (7)} at the instant ¢ , The function defined by Egs.
(3.3), (3. 9),(1.4) is equal to the normal distribution density of the vector y; — z (). This
means that the function F: (¢, z (1)) is an a posteriori estimate for the given hypothetical
system with optimal control, The function F; (¢, z) is therefore a lower estimate for the
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functions F; (¢, z) and § (¢, z).

Exactly as in the case of the function F, (i, z) we can show that the difference
S (t, 2} — F2 (¢, z) tends to zero as the dimensions of the set U (t) or the dispersions of
the random forces go to zero,

In the case of (2, 7) the functions

Fr,5={s*¢t,0)P(t, T, 2 —2)dz, Fi*(t,2)=
={8*t, 9P, 7,2 —2)dz (3.10)

are clearly lower estimates for F, (¢, z) .

Here the function P (f, T, z) is specified in the same way as in the determination
of F, (t, z) (formulas (3, 3),(3.9)). The functions S* (¢, z) and S;* (¢, ) can be
found from formula (2.11); they are lower estimates (2, 12) for S° (¢, z). This implies
the validity of the chain of inequalities

Fa*t, )< F*(t, o) < Fy (4, 2) < Fy (t, 2) < S (¢, 2)

The estimates F,* (¢, z), F* (t, z), Fy (¢, 2) are coarser than F, (¢,z) but are
easier to compute, In particular, the function F;* (¢, z) is given by finite formulas,

4, Numerical solutfon of the Bellman equation, Let the function
o (z) be given by Eqs. (2.7). In this case the a posteriori estimate S (£, z (£)) is the
conditional probability that the point & (I') will lie outside the domain D under optimal
control, This means that the function § (t, z) satisfies the inequalities

Firt, <8 (1t 9 < (4.1)

Let us define the rectangular domain Q (€, f) in the coordinates z by means of the
formulas

Iz(i)—ag)lgd(;)(e,t) (t=1,...,n)
i (e, 1) = d 0) +7(0) V [Ka (6, TS (4.2)
Here y (e) is the inverse of the function v
e @) =Ya— @0 e T de (4.3)

[

e is a given sufficiently small positive number, and d;? (¢) (i =1, ..., n) are the
dimensions of the domain Dy* (¢, T') defined by formulas (2,10); [K, (t, T)la® is
the cotresponding diagonal element of matrix (3, 9). From Egs. (2.11) and (3,10) we
see that the function Fy* (£, z) nowhere exceeds unity and that it differs from unity
by an amount smaller than € outside Q (g, £) (the dimensions of the domain Q (e, ¢)
were determined precisely from this condition), Together with inequalities (4,1) this
implies that the function S (¢, z) for z & Q (g, t) also differs from unity by an amount
smaller thar g, This fact enables us to propose the following numerical method for solv-
ing Egs. (1.2), (1. 3).

A sufficiently small number ¢ is chosen and the solution is set equal to unity at the
boundary of the domain € (e, ¢). As a result the initial Cauchy problem (1.2),(1. 3)
is replaced by the first boundary value problem [5] for Eq. (1. 2) under conditions (1. 3)

and ’
S D) aren=1 (4.4)
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Here I' (¢, t) is the boundary of the domain Q (g, ¢). Because the solution of Eq,
(1.2) is continuously dependent on the boundary conditions [3] the error due to this sub-
stitution is on the order of &. The domain Q (e, £) in Eq. (4.4) can be replaced by the
broader domain Q (g, 0) (see formulas (4.2), (3, 9),(2.10)). In this case the problem
can be solved numerically using a difference scheme [8] with a node net independent
of the number k of the layer £, = T — kA, k= 0,1, ..., N. The solving procedure
is even simpler in case (1. 5).

The proposed method is clearly applicable in the case of an arbitrary function o (z)
provided it has a finite limit w {oc) as | 2} — oo. The given domain D (or the domain
circumscribed about D) ‘in the formulas defining the dimensions of the domain Q (e, ¢)
is replaced in this case by the dimensions of the rectangular domain beyond whose limits
the function o (z) differs from the limiting value ® (o0) by an amount smaller than
£. The boundary value of the function S (¢, z) in Eq, (4.4) is assumed to be equal to
@ {oc).

8., A finite formula for the solution of the Bellman equation
in the one«dimensional case, Letus consider Eqgs, (1,7),(1.8) corresponding
to one-dimensional system (1.6). We assume that the coefficients [ (¢) and R (t) are
continuous in { and positive in the interval [(, T]

I{(y>0, R(@)>0 0<t<<n (5.1)
and that the function ¥ (z) is even, nondecreasing for 2> 0, continuously differentiable
and bounded, V(—z)=VW(z), ¥ (z)>0 (z>0) (5.2)

The primes here and below denote derivatives with respect to z. Fulfillment of the
conditions of existence and uniqueness of the solution of Cauchy problem (1,7),{1.8) is
guaranteed in this case [3], Let us show that the solution is given by the equations

St z)=s(t 2) (>0 (5.3)
St zy=s(t,—z) (<0

Here s {£, z) is the solution of the linear parabolic equation

—8=—I)sx+aR () szx (z>0,0<t<T) (5.4)

satisfying the conditions
s(T, 2) =¥ (2) (>0 (5.5)
2 (8 D)z=o=0 0<t<M) (5.6)

(This equatjon is obtainable from Eq, (1.7) by replacing | S, | by s,.)

Proof. Let § (¢ z) be the solution of Eqgs, (1.7), (1, 8). Then the function § (¢, —z)
is also a solution, This can be verified simply by substituting this function into the indi-
cated equations, Because of the uniqueness of the solution this implies that the function
S (¢ r) is even in z,i,e, that § (¢, —z) = § (¢, ). The latter equation and the conti-
nuous differentiablilty of S (¢, z) with respect to z (this requiremet occurs in the defi-
nition of the solution [4]) imply that S, (¢, 7) |,_, =0 for all ¢ from the interval [0, T].
Bearing in mind the fact that S, (7, z) = ¥’ (z) is nonnegative for z > 0, we can assume
that §, (¢, z) 2> 0 for all ¢ from the interval [0, T} and z > 0. In this connectjon let
us consider the boundary value problem for linear parabolic equation (5, 4) under con-
ditions (5. 5), (5, 6). This boundary value problem has a unique solution [5], Differenti-
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ating Egs, (5. 4), (5. 5), we conclude that the derivative s, (¢, z) satisfies the same condi-
tion (5,4) and the conditions

sy (T, 2) =¥ (1) 20 (z>0), sy (¢, 7) Ix.-=o =0

On the basis of the maximum principle for a linear parabolic equation [5] this implies
that s, (¢, 2) > 0 for z > 0. Thus, s, (¢, 2) = | s, (¢, z)| for z > 0, so that the func-
tion s (¢, z) satisfies Eqs. (1.7), (1. 8) for z > 0. The function defined by Egs. (5. 3) is the
solution of Cauchy problem (1. 7), (1. 8), since it satisfies condition (1, 8) for all x and
Eq. (1.7) for z == 0; the continuity of this function and its derivatives S, S,,, §; for
all z and ¢ means that it also satisfies Eq, (1,7) for z = 0.

Initial problem (1. 7), (1. 8) thus reduces to the solution of tie second houndary value
problem [5] for linear equation (5. 4) under conditions (5. 5), (5. 6). Let us show that this
problem can in turn be reduced to the solution of some integral equation of the first kind,

Let us continue the function s (T, z) in Eq. (5. 5) to negative values of & in some
way which preserves continuity,

s(T,o)=¥(@) @>0, s(Th2a)=¥i(—2) =<0 (©.7)
Here ¥, () is a temporarily unknown differentiable function which satisfies the con-
dition ¥, (0) = ¥ (0) (5.8)
We seek the solution of the boundary value problem (5,4)—~(5.6) in the form of the

solution of Cauchy problem (5.4),(5.7) in the strip —o0o L2 < 00, 0 < t< T
using the familiar formula [5]

xxt

~+-00 o
st))= \ pt. T,z—y) s(T,p)dy={ (¥Wp¢t T, z—y)+
+¥i@pt. T,z +y)ldy (9.9)

Here p (¢, T, z — y) is the fundamental solution of Eq. (5.4) determined from
the formulas

Pt 7, 2 —y) = (2aty ¢, )] Mexp —ESZLI=IL (5.40)
bt vy =\R(s)ds, b(t, 1) =1(s)ds (5.11)
t t

Formula (5,10) can be obtained as follows, We use the substitution of variables
=4 T) zn=z-—>b(T), st z)=-slt(t), z (4 )

to reduce Eq, (5.4) to an ordinary heat conduction equation whose fundamental solution
is given by the familiar formula s
~1/, — [z —wu]
pr{ti— 11, ;11— )= [2n (ty — T1)] eme

We note that the inverse transform ¢ (1,), z (¢, z,) exists and is unique by virtue of
our assumption of positive R (¢) and ! (). Reconverting to our original variables, we obtain
formula (5.10).

Differentiating Eq, (5, 9) with respect to £ and applying condition (5, 6), we obtain an

equation of the first kind [9] in the derivative ¥; (z) ,
o0

2bt, T) . —[#—=2 N2l 4. _0 (5.42)
¥’ (z) exp | — 2| — ¥, (2) |exp
So [ (x) ( tht, T) ) ] 26, T) O<t<T)
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As a result of Eq, (5, 8) the function ¥, () is given by the formula

¥, @)=Y +\¥rmdy @0 (513)

In those cases where Eq, (5,12) has a sufficiently smooth solution, the solution of Cau~
chy problem (1, 7), (1. 8) can be found from formulas (5, 3), (5. 9), (5. 13).
Integrating the left side of Eq, (5.12) by parts, we obtain an integral equation for deter-
mining the function ¥, (z) directly,
2.0
(ke om@a=10  o<isn
0
The kernel X (z, ¢) and the absolute term f (¢) of the integral equation are given by
the formulas
K(z, t)=

z—b(t, T) ( 22—2b(t, T)z
DY 21 (6, T) )

=°° z+b(t, T) 242 Nz
f® S)‘i"(:l:)~——-—tl @) °xP (-—-——-—-———————ml(" 7 )dz

1°, Let the ratio of coefficients of Bellman equation (1, 7) be equal to a constant,

1)
'R((_t) = a () = « = const (5.14)
In this case the solution of integral equation (5,12) is given by the finite formula
¥, (2) = e P’ (z) (5.15)

In fact, as we see from Egs. (5.11), in case (5,14) we have b (¢, T) Lt T)=uqa,
so that Eq, (5,12) becomes an identity when we make substitution (5, 15), Substituting
expression (5, 15) into formula (5, 13), we obtain .

Y, (z) = e~ 223Y (z) 4 2a S e v\ (y) dy (5.16)
o
With allowance for the above equation formula (5, 9) becomes

st =\ gt T, »s(T,pdy, s(T. =YY@ (.17

g, o T, Y=pt, T, 2—y)+erpt, T, z+y) —

—bi{t, T)
— 2022V [(D (‘x—-*‘i_—:"'_.._'—'“*-) — 1 ] 5.18
Vu@, 7) /s ( )
Here @ (z) is probability integral (4, 3),
Formulas (5,17), (5.18) can be derived as follows, Substituting expression (5,16) for
the function ¥, () into formula (5, 9), we obtain

o0

s a={ .1 s+ 1 st YW+
o

oo v
+ 2«5 Pt T, z2+9) S ¢~ (3) dudy (5.49)
[ ]
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Making use of the identity

d z-+y—580 1)
P T, sty =2 [m (-—-——-————— — 1y
we obtain V" & 1)
0 Y
- +!/"b(‘ 902
pit. T,z +u)\e ’“‘\F(z)dzdym[m (”’ */](e ¥ () d [
§ S, Va, 1) ) :
¢ z+y”b(t! T} -1 :} —2\’.!13? d
_S, {q’( Vi D ) hjemrtmdy

On substitution of limits the first term vanishes, as a result of which the formula (5.19)
with allowance for notation (5, 18) assumes the form (5.17),

In some cases it is more convenient to determine the function £y {t, 7T, y) from
the formula

g, z, T, y)._--_S[p(t T,z—p)—e®p(t, T, 2+ y)ds

which yields an expression identically equal 1o (5,18). (5.20)

Although formulas (5,17),(5,18) were obtained under assumption of continuous differ-
entiability and boundedness of the function ¥ (), they are also applicable if the func-
tion ¥ {Z) has discontinuities of the first kind, as well as if it is unbounded at infinity
provided it does not increase more rapidly than the function

exp [1/2 (§ R(t)dv — 3}4 xﬂ

where & > 0, In fact, in these cases function (5, 17), (5. 18) remains sufficiently smooth
and satisfies (by construction) Eq, (5.4) and conditions {5, 5), (5.6)., The above formulas
for the exact solution can be used to analyze the exactness of various approximate
methods of solving the Bellman equation by comparing the approximate and exact solu-
tions for & (t) = const.
2°, If a (t) = L (£)/R (t) is a piecewise-constant function which assumes the

values @y, ..., Gy in the intervals [0, 1, (&, t,], ..., (¢n—1,T], then the solution
s (t, ) in each of the intervals [#.;, #;] can be obtained successively for k = N,
N — 1, ..., 1 using formulas (5,17), (5.18), where T and @ are replaced by ) and &y,
respectively,

The solution in this case can be expressed in a form similar to (5,17),

o
a(t, :)=S v T, T, Y (egststy (.21)
1]

gN-k (tv z, Tv y) = 8‘0 (ty z, tky 3) gN—k—-l (tk' z, T! 3/) dz (522)

by setting ‘i"
0
The function s (¢, z) defined by Eqs, {5.21), (5, 22) and its derivatives with respect to
z of up to the second order, inclusively, are continuous for all # and ¢ from the interval
0 < t<< " The derivative 8 {, 2} for t == #; (k = 1, ..., ¥) has discontinuities of the
first kind (jumps). Formulas (5. 3), (5.21),(5, 22) must therefore be considered as the
generalized solution [4] of Eqs, (1. 7), (1. 8).
Example, Let us suppose that there are no measurement errors, that the intensity
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of the white noise § in Eq. (1.6) is constant and equal to R, that the control is one-
dimensfonal, that the restriction I (#) is constant and equal to , and that the function
o (z) is defined by the equations

o@=0 (z|<d), o@=1 (xi1>d)
In this case ¥ (z) =w (z), R (¢) = R, I (t) = I in Egs. (1,7),{1.8). Thus,a ()=lR=
=const and the solution is given by formulas (5. 3), (5.17), (5. 20), (5.10), (5.11), As a
result we obtain

o 00 x
d
S (¢, z) =S go(t, = T, y)dy= S _a_y-g pt, T,z -y — e—zaup(t, T,2+yldzdy=
do d» [e ]
_ z—do—l(T_—t)) 4 —agdl faid—l@—y\ _1
In accordance with Egs, (2, 6), approximate solution (3,1)—(3, 3) in this case becomes
drHl (T—t)
Rea=FRea=1— { pers—ya=
—do—l(T—1)
g (2T =) [2—do—1(T—1) iy
=1 -0 (R ve B o2

Comparing exact solution (5, 23) and approximate solution (5, 24), we see that the
approximate solution is in fact a lower estimate of the exact solution and that the differ-
ence between them tends to zero for ! - 0 or ! - oo,and also in the case R ~ 0 or
R — oo.
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